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ABSTRACT. A Belyi map 8 : X — P1(C) is a rational function defined over a Riemann surface X with at
most three critical values; we may assume these values are {0, 1, co}. We call (X, 8) a BelyT pair. Following
Grothendieck, we study Belyl pairs by associating them with Dessin d’Enfants, which are bipartite graphs
embedded in X. While Belyi maps on the sphere are well understood, less is known about Belyl maps
on other spaces. In this paper, we will study toroidal Belyi pairs, Belyl pairs where X is the torus, or,
equivalently, an elliptic curve. By viewing the Belyi pair (E, ) as a covering space of P1(C) \ {0, 1,00},
we can associate a subgroup of Sy, known as the monodromy group, to the Belyl pair. We investigate the
monodromy groups of several infinite families of Dessins on the torus and the behavior of a monodromy
group of a Belyl map under composition with an n-isogeny, and use monodromy groups to work towards
creating a database of toroidal Belyl pairs and Dessins.

1. INTRODUCTION

Let X be a Riemann surface. A Belyf map is defined as a rational map 3 : X — P!(C), ramified over
at most three points, which we take to be {0,1,00}. We call (X, ) a Belyi pair. While Belyl maps and
similar objects have been a subject of study for some time, they were formally introduced by G. V. Belyi in
the late 1970’s. Belyi ’s theorem states that any non singular algebraic curve X defined over the algebraic
numbers which defines a compact connected Riemann surface exhibits at least one Belyl map. Equivalently,
each such surface X forms a branched cover of the Riemann sphere.

In his Esquisse d’'un Programme, Alexander Grothendieck introduced Dessins D’Enfants—French for “Chil-
dren’s Drawings”—to better understand the their associated number fields. Dessins are simply bipartite
graphs, each of which can be associated to a Belyl map as follows: let the black vertices be preimages of 0,
let the white vertices be the preimages of 1, and let the edges be preimages of the interval [0,1]. Naturally,
this embeds the graph into a Riemann surface.

Beyond this, by viewing (bipartite) graphs as Dessins, we can find Riemann surfaces in which the graphs
can be embedded. We will focus on toroidal graphs embedded as Dessins: classical examples include the
Petersen graph, K33, K44, K5, K¢, and K;. This paper focus on three families of regular Dessins. Through
the classical correspondence between complex elliptic curves and the torus, we relate our study toroidal
Dessins and their Belyi maps to the study of elliptic curves. In 2009, Leonardo Zapponi gave the following
result: for a fixed positive integer N, there are only finitely many elliptic curves E (up to isomorphism) which
admit a toroidal Belyl pairs (F, 8) with degree of § is equal to N. Given this theorem, it is a natural goal
to try to construct a database of Belyi pairs and their corresponding Dessins dEnfants. Belyi pairs defined
on the sphere are well cataloged; however, Belyi maps defined on the torus are much less well understood.

Monodromy groups, which arise when we view Belyl maps as branched covers, are powerful in that they
allow us to find all Dessins with a given degree sequence, and to find an embedding for a given graph when
provided with a cyclic ordering of the edges at each vertex. This is used, for instance, to embed Adinkras,
edge colored bipartite graphs used to represent supersymmetric theories, into Riemann surfaces. [I3] Beyond
this, monodromy groups are worthy of study because they provide an interesting connection between graph
theory, group theory, and the theory of covering spaces. For this reason, we compute the mondromy groups
of three families of regular toroidal Dessins, and give conjectures about the behavior of monodromy groups
of toroidal Dessins in general.
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2. BACKGROUND

We are interested in studying graphs known as Dessins d’Enfants embedded in elliptic curves. In this
section, we give necessary definitions.

2.1. Elliptic Curves. An elliptic curve E is the solution set of a nonsingular equation in the form y? +
a1 xy+azy = x>+ as 2 + as ¢ + ag for some complex numbers ai, as, as, a4, ag. More information can be
found in [2], [6], [9], and [10].

Proposition 1. Let E be an elliptic curve with complex coefficients. There is a unique complexr number
J(E) = 1728 J such that E can be placed in one of the following forms:

y2 = ;1;3 +1 when ](E) = O,'
" R S when j(E) = 1728; and
3J 2J
y2:$3+ﬁx+ﬁ when j(E) # 0, 1728.

We omit the proof as this is a simple exercise. We call j(E) = 1728 J the j-invariant of E. Geometrically,
every elliptic curve is a torus. The precise statement is as follows.

Proposition 2. Say E in the form y*> = (x — e1) (x — e2) (x — e3) for distinct complex numbers e1, ez, and
es, so that the collection of complex points of E is the set

(2) E(C) = { m eC?

= (z—e1)(z—e)(x— 63)} U {o0}.

The torus can be viewed as the set

u
3) @) ={ [v]| B | (Vi@ 102 R) +u?=r"

w

for some radii 0 < r < R. It is a well-known result that we have a one-to-one correspondence E(C) ~ T?(R).

Proof. This is a classical result. See [9, Chapter VI, Proposition 5.2]. ]

This result allows us to treat elliptic curves and tori interchangeably.

2.2. Toroidal Belyi Pairs. Fix an elliptic curve E: y?> 4+ a1 2y +asy = 2> 4+ as 22 + a4 £ + ag. A rational
map 3 : E(C) — PY(C) is the ratio 8(z,y) = p(x,y)/q(x,y) of two relatively prime bivariate polynomials
p(z,y) and q(x,y). Given a projective point w = w; /wy € P(C) = CU{oo}, we wish to consider the inverse
image

2 3 2
v +arxy+asy) —(z° +asx”+agxr+ag) =0
@ 1) — m <2 ( )= ( )

y wo p(z,y) — w1 q(z,y) =0

Given P € 71} (w), we define the positive integer ep as the multiplicity of the root P in the polynomial
equations above; a rigorous definition can be found in [9, Chapter II.2]. We refer to ep as the ramification
index of the point P. Usually ep = 1; we say w € P!(C) is a critical value for 3 if ep # 1 for some
P € B71(w). The degree of a rational map is deg 3 = |ﬁ_1(w)| whenever w is not a critical value. We say
(E, B) is a toroidal Bely pair and § is a Belyi map if 5 is a rational map such that its critical values are a
subset of {0, 1, co}.
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FIGURE 1 FIGURE 2

2.3. Degree Sequences. Say that (F, ) is a toroidal Belyl pair. Its degree sequence is a multiset

(5) D{{eP|P€B}, {ep|P W), {ep|P€F}}

where B = 371(0), W = 371(1), and F = 37!(c0) consist of the preimages of the critical values of 3.
Proposition 3. Assume that D is a degree sequence associated with a Belyi pair. Then

(6) degﬁzZepz26P226P2|B|+|W|+|F|-

PEB PewW PcF
In particular, D is a multiset of three partitions of N = deg 8 into a total of N parts.

Proof. Since ep = 1 whenever P ¢ BUW U F and deg § = Zpeﬁ,l(w) ep (see [, Chapter I1.5, Proposition
2.6]) we see that deg 8 =) pcgep =D pew €P = »_pcpep. The last equality follows from the Riemann-
Roch Theorem: Viewing a Belyl pair (E, 8) as a map 3 : E(C) — P!(C), the Hurwitz Genus Formula asserts
that

(7) 295 —2=degB (2gp —2) + Y (ep—1)
PEE(C)

where the elliptic curve has genus gg = 1 while the projective line has genus gp1 = 0. (See [9, Chapter I1.5,
Theorem 5.9]). Since ep = 1 whenever P ¢ BUW U F, we see that

(8) 2 deg 8 = Z (ep—1) = Z (ep —1) =3 degf — (|B] + [W| +|F])

PEE(C) PEBUWUF
so deg S = |B| + |W|+ |F|. O

2.4. Dessin d’Enfants on the Torus. Consider the line segment [0,1] connecting 0 to 1 in P}(C) =
C U {oo}. For any toroidal Belyi pair (E,3), the inverse image 371 ([O7 1]) C E(C) yields a bipartite graph
I' = (V, E) as follows: denote the “black” vertices as the inverse image B = $1(0), the “white” vertices as
the inverse image W = 371(1), the edges as the inverse image E = ﬁ_l([O, 1]), and the midpoints of the
faces as the inverse image F' = 37 !(c0). That graph with vertex set V = BUW and edge set E is called a
Dessin d’Enfant. Using the identification E(C) ~ T?(R), we may view I' = T?(R) as a toroidal graph, that
is, a graph which can be embedded on the torus without edge crossings. More information on such graphs
can be found in [3], [7], and [TI]. For applications in physics, see [].

Dessins d’Enfants can also be defined independently of Belyi maps: any connected bipartite graph I"
embedded in an oriented surface X such that X \ T is the union of disjoint disks is a Dessin d’Enfant.
Traditionally, vertices are colored black and white such that the two endpoints of each edge receive different
colors. For instance, figure[1|is a Dessin embedded on the torus with degree sequence D = {B = {3,1}, W =
{4}, F = {4}}, but figure s not, because the face fails to be homeomorphic to a disk.

The degree sequence D associated to a Belyl map is precisely the degree sequence, in the graph theoretic
sense, of the associated Dessin on the torus. For each vertex P € V = B U W, the ramification index ep
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is the degree of the vertex, that is, the number of edges adjacent to this vertex. There are |E| = degf
edges total in this graph, since for any w € (0, 1), there is an edge associated to each element of 371 (w).
Since the Euler Characteristic asserts that |V| — |E| + |F| = 0 for any toroidal graph, we have the identity
|B| + |W| + |F| — deg 8 = 0. The identity

(9) degB=1E|= Y ep= ep= ep

PeB PecWwW PeF

follows from the something related to the Degree Sum Formula: since every edge is adjacent to a both a
black vertex and a white vertex, both the degrees of the black vertices and the degrees of the white vertices
must sum to the total number of edges. The degrees of the faces must sum to the total number of edges in
the graph because each edge either protrudes into one face, increasing the degree of that face by 1, or divides
two faces, increasing the degree of each one by half.

As an example, we compute the degree sequence of the Dessin in figure [3l The degree of a face can be
defined equivalently as the number of black vertices bordering it, the number of white vertices bordering
it, or the half the number of edges bordering it. In any case, it is important that the count is done up to
multiplicity. For instance, the single face in the graph in figure [3| which is drawn on the torus, appears at
first to have degree 3, since there are three white vertices adjacent to it, however, it really has degree six,
because each white vertex is adjacent to the face with multiplicity two. Likewise, though there are only two
black vertices adjacent to the face, each is adjacent with multiplicity three. Thus the graph embedded on
the torus has degree sequence D = {B = {3,3}, W = {2,2,2}, F = {6} }.

FIGURE 3

2.5. Monodromy Groups. We may associate any Belyi pair to its corresponding degree sequence. It then
becomes natural to ask when a multiset D = { B, W, F'} of three partitions of N, satisfying N = |B|+|W|+|F]|,
is the degree sequence associated with some Belyi pair. Hurwitz’s theorem provides an answer to that
question.

Theorem 1 (Hurwitz [5]). Fiz a positive integer N, and say that we have a multiset
(10) Dz{{ep|PeB}, {ep| P e W}, {ep|PeF}}

of three partitions of N for some indezing sets B, W, and F such that N = |B|+ |W|+ |F|. Then D is the
degree sequence for some toroidal Belyi pair (E, ) with deg 8 = N if and only if there exist permutations
00, 01, 0o € SN such that we have the following three properties:

e Each of these permutations is a product of disjoint cycles with corresponding cycle types.
® 00001005 = 1.
o G =0y, 01, 0x0) 1s a transitive subgroup of Sy .

The transitive subgroup G = (09, 01, o) is called a monodromy group associated to the degree sequence
D.[8]



Such a group G may not be unique: the degree sequence D = {{1, 4}, {1, 4}, {5} } for N = 5 corresponds
to both

00 =(2) (135 4) o0 =(3) (125 4)
o1 =(4) (1352) o1 = (5) (1243)
(11)
0o = (12345) goo = (12345)
— G~ S5 — G Fyy~Zs X2y

In particular, there are at least two toroidal Belyi pairs (E, §) associated with this degree sequence. Their
Dessins are given in ﬁgure Similarly, such a group may not exist: the degree sequence D = {{1, 1, 2, 2},{6},{6}}
for N = 6 has no such group, and thus there are no toroidal Belyi pairs associated with this degree sequence.

FIGURE 4. Two Dessins D’Enfants with the same degree sequence, but different monodromy
groups.

If D is indeed associated with a toroidal Belyi pair (E, ), we can construct a monodromy group G as
follows. Consider the Dessin d’Enfant I' — T?(R) coming from the inverse image of the line segment in
P!(C) which connects 0 to 1. As there are |E| = deg 3 = N edges total on this graph, label them from 1 to
N. For each vertex P € V = BUW, there are ep edges adjacent. Determine the cycles oy for P € B and
o1 for P € W by reading off the labels on the edges which surround each point going counterclockwise, and
let 000 =0y 00yt [8

As an example, we compute the monodromy group of a Dessin in figure[J] By tracing out counterclockwise
loops around the black and white vertices, we have oy = (123)(456) and o1 = (14)(25)(36). The monodromy
group is G = ((123)(456), (14)(25)(36)) C Ss. We can show that G = Z.

Whenever there is an algorithmic way to compute g and o7 for a class of graphs, we can easily compute
their monodromy groups.

There is a classical description in terms of covering spaces: Since a toroidal Belyl pair (E, 8) corresponds
to a rational map 3 : E(C) — P!(C) with N = deg /3 having critical values w € {0, 1, oo}, we may view
B:X —Y as an N-fold covering map of the thrice punctured sphere Y = P1(C) — {0, 1, co} by the many-
fold punctured torus X = E(C) — 871({0, 1, co}). Hence G ~ im [m1(Y) — Sy] is isomorphic to the image
of the monodromy representation given by this covering map.[§]

3. COMPILING THE DATABASE

For 3 < N < 8, our database contains all degree sequences D of degree N and all of their associated
monodromy groups.

For N < 5, the database also contains the The Dessins d’Enfants associated with D. For NV < 4, the data
base also contains a Belyl pair (E, ) associated to each degree sequence. We have four of the six degree
5 Belyl pairs, and sporadic examples of Belyi pairs of higher degree. The database for 3 < N < 5 can be
found in the appendix to this paper, the remainder can be found online at make link.

Roughly, our algorithm to compute the database was as follows:

(1) For each N, find all pairs B, W of partitions of N such that |B| + |[W| < N.
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(2) For each B, W pair, find all distinct transitive subgroups G < Sy generated by some oy with cycle
type B and o7 with cycle type W. We let F be the cycle type of oflaoo and added the degree
sequence D = {B, W, F'} and the group G to our database.

Our code is written in SageMath and is available at make link.

4. INFINITE FAMILIES OF DESSINS D’ENFANTS

4.1. Regular Dessins. In graph theory, a bipartite graph (colored black and white) is said to be regular
it each black vertex has degree k and each white vertex has degree I. We use a slightly stronger notion of
a regular dessin—we also require each face to have degree m. Thus, the degree sequence of a regular dessin
takes the form

D={{k,... .k} {0} {m, ... m}).

We recall that B, W and F must be partitions of the degree d of the Dessin, thus |B| = d/k, |W| = d/I, and
|F| = d/m. From the condition derived from the Euler characteristic [2jwe then have d/k + d/l + d/m = d.
Factoring out d, this becomes % + % + % = 1. Up to permutation of indices, the only solutions are
(k,l,m) € {(2,3,6),(3,3,3),(4,2,4)}. Thus,the degree sequences of regular toroidal dessins fall into one of
three infinite families:

Dy 56(n) = {{3, S 34 {2, o 2}, 46, e 6}}
D3 33(n) ={{3,. ./;)’,3}, {3,. ./:3,3}, {3, .1.1.,3}}

Dy 4(n) = {{4,. . 4}, {2, 5o 2},4{4, = ,4}}

Each of these degree sequences can be realized with a family of toroidal Dessins d’Enfants. We will give
the monodromy group of these Dessins.

FIGURE 5. The graph G2 36), is constructed by repeating the basic unit n times.

FIGURE 6. The graph G(2 3 3), is constructed by repeating the basic unit n times.

The condition + + % + % = 1 may be familiar from the study of triangle groups—in this case, this is the

k
required condition for the triangle group D(k,l,m) = (00,01,000|08 = 0! = 0 = 000100 = 1) to be a
wallpaper group. We will return to this them when we compute the monodromy groups of these Dessins.
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FIGURE 7.

FI1GURE 8. A few small Mobius ladders drawn on the plane.

4.2. Mo6bius Ladders. The name Mobius ladder is given to an infinite family of graphs which are not
regular in the sense we use here, but are 3-regular graphs in the usual sense. The name is descriptive-a
Mobius ladder can be pictured as a ladder which is twisted into a Mobius strip. Some small instances of the
Mobius ladder are given in figure |8 Though Mobius ladders are naturally bipartite, we subdivide the edges
to obtain a clean Dessin. Thus the degree sequences of Mébius ladders are of the form

D(n)={{3,...,3},{2,...,2},{4,4,...,4n + 4}}
2n 3n (n—1) copies of 4

In figure [8] we show a few small Mobius ladders on the plane.

5. MONODROMY GROUPS OF REGULAR DESSINS
We compute the monodromy groups of the families of regular dessins defined in section [4

Theorem 2. Let M3z ¢(n) be the monodromy group of the graph Gso6(n) pictured below. Then
M3 26(n) = (Zy X Zy) ¥ Zg.

The core of this proof is a choice of generators «, 3, and 7 such that (o, 8,7) = G2 36(n), N = (8,7v) =
Ly X Ly, H = {(a) = Zg, and Go36(n) = N x H. To find «, 3, and vy, we first must compute oy and o;.
The edge labeling for the degree sequence D3 2 6(3) is given below. As we discussed above, this graph can
be thought of as n repeating copies of the unit pictured below, laid side by side on the flat torus. This way
of viewing the family of graphs is important, and we will come back to it later.

From our edge labeling algorithm, we have that
oo =(1,2,3)(4,5,6)...(6n —2,6n —1,6n)
and
o1 = (6n—1,2)(1,4)(3,6),...,(6n —7,6n —4)(6n — 5,6n — 2)(6n — 3,6n).
Since G = (09, 01, 0infty) and 00 = 07 00y, G = (00, 01) Explicit multiplication gives
000 = (1,6,8,10,9,5)(7,12,14,16,15,11) - - - (BN + 1,6N,2,4,3,5N + 5),
though o4 can also be found by tracing out the boundary of each face in a counterclockwise loop and

adding the index of every other edge we meet. Notably, o4 is of order six. The i*" cycle of o4 is of the
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form (6(¢ —1)+1,6(: —1)+6,6i +2,6i+4,6 i+ 3,6(: — 1) +5): the action of o is to permute elements
between the equivalence classes modulo 6. To understand the structure of the group, we obtain an alternate
presentation. Let

= 0o
8= 01000;1061

_ -1 _-1
Y =0 01 0001

We already have |o| = 6 and know that a always changes the parity of an element mod 6. To express (3
and 7, it is useful to introduce some notation. Let ¢; be the cyclic permutation of the elements of [6n] which
are equivalent to ¢ mod 6. For instance, co = (2,8,...,5n + 2). To compute 5 and =, we keep track of the
image of 67 4+ j under each generator.

B(6i) = 6(i + 1) +(6i) =
B(6i+1)=06i+1 y(6i +1) = ( 1)+1
B(6i+2)=6(i+1)+2 v(6i4+2) =6(i —1)+2
B(6i+3)=6(i—1)+3 ~v(6i43) =6i+3
B(6i+4)=06i+4 v(6i4+4)=6(:—1)+4
B(6i+5)=6(i—1)+5 v(6i+5)=6(i+1)+5

Then

B =cocacy et
and

v = 0102_10;105.
Since each ¢; is a n-cycle and distinct ¢; are disjoint, 5 and « are of order n. For the same reason, § and
commute and (3) N {vy) =1, thus
(B,7) = (B) X () = Zn X Ln.

Next, we show that (8,7) < {(«,5,7). The intuitive reason for this is that (5,v) is the subgroup of all
cyclic permutations within equivalence classes, and («) acts by conjugation on (d,7) by permuting the roles
of the equivalence classes. More formally, we can check ada™! = and avya -1 =. Thus, as (o) = Zg,
G = (Zy, X Zy,) X Zg as desired.

By a very similar method, we obtain the following two theorems:

Theorem 3. Let M3 33(n) be the monodromy group of the graph Gs 33(n) pictured below. Then
Ms33(n) = (Zy, X Zy) X Zs.

Theorem 4. Let My 4(n) be the monodromy group of the graph G4 z.4(n) pictured below. Then
Myoa(n) = (Zy, X Ly) X Ly.

Recall the triangle groups D(k,1,m) = (70,71, Yoo |76 = 71 = 7™ = 40717 = 1). Since these monodromy
groups are of the form (0, 01,0 ) Where o and oy satisfy the relationship of = 0! = 0, = 09010 = 1,
we can embed the triangle groups into our monodromy groups through the homomorphism ¢ defined by
d(v0) = 00, &) = 01, and P(Ve0) = 0. Thus, M3 26(n), M3 33(n), and My 2 4(n) are finite quotients of

the D(3,2,6),D(3,3,3), and D(4,2,4) triangle groups.

6. ISOGENIES AND DESSINS

In this section we are going to explain how to use isogenies on elliptic curves to construct new dessins
from existing dessins. In particular, we will construct regular dessins other than those given above.

Let f: X — Y be a covering map. Let y € Y be a point. Let H be a subgroup of 71 (Y,y) defines X.
Then the monodromy action of 71 (Y, y) on f~1(y) is the same as the action of 71(Y,y) on the left coset of
H. Then it is a fact in group theory that the kernel of this action is the normal core of H, i.e. the largest
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normal subgroup N of 71(Y,y) contained in H. Therefore the monodromy group of f is just w1 (Y, y)/N. If
X and Y are algebraic curves over C, and f is a morphism of algebraic curves, then there is an alternative
way to define monodromy action via étale fundamental groups. We will briefly explain how this is done. For
more information, see [13].
Denote K(Y) as the function field of Y. Let Y/ — Y be an étale morphism. Then this gives a field
extension K(Y')/K(Y). Let K’ = |JK(Y’) where the union is taken over all étale extensions of Y. This is a
v

Galois extension of K(Y'). Define 7{*(Y") to be Gal(K’/K(Y)). From infinite Galois theory, every finite étale
extension of Y correspondence to an open subgroup H of n§!(Y). The group 7$'(Y') acts on the left coset
of H. If H has index d in 7{!(Y'), then the image of 7{!(Y) — S is isomorphic to the monodromy group.
Notice that if K(Y’)/K(Y) is Galois, then the monodromy group is isomorphic to Gal(K(Y')/K(Y)). In
this case, we call the morphism Galois.

Our main result of this section is the following theorem:

Theorem 5. Let E be the elliptic curve defined by y?> = 23 + 1. Let 3 : E — P! be B(x,y) = —a. Let
h: E — E be any isogeny, then S o h is also a Belyi map, and moreover it is Galois.

Proof. First let’s verify that £ is Galois. Since 8 has degree 6, we need to show it has 6 automorphisms.
Indeed, there are 6 automorphisms of E:

(1) (z,y) =

Since End(E) = Z[w], these automorphisms corresponds to 6 units in this ring:1, —1, w, w?, —w, and —w?.
Let a € Z|w] be a unit. We will use the notation [a] to denote the corresponding automorphism. Now it is
easy to see that (o [a](x,y) = 23 = B(z,y), hence these automorphisms are actually automorphisms of 3.
Since there are 6 of them, £ is Galois.

Now assume that deg(h) = d. Similarly, in order to show § o h is Galois, we need to construct 6d
automorphisms of Soh. There are d points in E[h] := kerh. Let @ be any one of them. Then any morphism
l[al o Tg : E — E is an automorphism of 3 o h, [a] is one of the above 6 automorphisms, and 7¢ is the
translation-by-Q map given by 7q(P) = Q + P for any P € E. Indeed, foho[a]oTg = fola)ohorg =
(Bola])o(hoTg) = foh. Clearly this gives us 6d automorphisms of 5 o h, and its easy to see these are
distinct automorphisms. O

Proposition 4. The dessin associated with § o h has degree sequence Mz ¢(d) and monodromy group
E[h] Pl ZG

Proof. Since every morphism between two elliptic curves is unramified, it is clear that 8 o h is a Belyi map
and the associated Dessin has degree sequence M3 o ¢(d). Also notice that since § o h is a Galois extension,
the monodromy group is isomorphic to the automorphism group of Soh. It is clear that every automorphism
of Boh can be written uniquely in this way and the action of Zg on E[h] is given by [a] o 7 o [a] ™! = 7¢

where Q' = [a](Q). O

In particular, if n € Z is a natural number, that is the norm of some element in Z[w]|, then there exists a
Dessin on F of degree 6n that has a monodromy group of order 6mn.

7. COMPUTING MONODROMY GROUPS FROM BELYT PAIRS
Given a Belyi pair (E, 8) with deg 8 = N, we can determine the monodromy group G = {09, 01, 0x) as
follows. Assume that E is the curve f(z,y) = 0 while f(z,y) = p(z,y)/q(x,y) is the ratio of two polynomials.

i. Compute 8~ (yo) = {P1, P2, ..., Pn} for yo = 1/2.
9



i. Compute o € Sy such that 7' )( 1) = Py fori = 1,2, ..., N where ’y( o :10,1] = E(C) is the unique

solution to the initial value problem dﬁéi) /dt = Fy (%i)) such that W(S )(O) = P; where

_of
2my/—1 Ay
(12) Fo(a,y) = =
of op _0f op\ _ (0f 0¢ _9f 0a\ | oy
or dy Oy Ox Or dy Oy Ox Jr%
This is chosen so that 5o 70 = 7 in terms of the loop vo(t) = yo e2™V =1t around 0.
i. Compute o1 € Sy such that ¥ L )( 1) = 01( y fori=1,2,..., N where 7( D : [0,1] — E(C) is the unique
solution to the initial value problem d71 / dt = Fy (7{ )) such that 'yi )(0) = P; where
_of
2my/—1(p— y
(13) Fie.y) = TR D
of op _of op\ _ (9f 0a _9f 9a\ | of
dr Jy Oy Ox Oor dy Oy Ox +%

This is chosen so that 8 o ’yl = 4, in terms of the loop 71 (t) = 1 + (yo — 1) €™V~ around 1.
iv. Compute 0 € SN as 0 = 07 1o 00_1

8. FUTURE WORK

While we’ve gained some insight into the relationship between the monodromy groups of Belyl maps
corresponding to regular Dessins and the monodromy groups of these Belyi maps composed with isogenies,
we wish to understand the relationship between a the monodromy of a Belyi map and the monodromy of
the composition of this Belyl map with an isogeny in general. Computational evidence suggests that if £
is a degree d Belyl map with a large monodromy group G € {S4, A4} and ¢ is a cyclic n-isogneny, the
monodromy group of o ¢ is |G|n¢~!

Additionally, we want to extend our database of Belyl pairs. Currently, computing a Belyi pair given a
degree sequence is computationally expensive; a more efficient method is needed. We have shown how to
compute a Dessin d’Enfant given a Belyi pair; a natural question to ask is whether or not we can compute
a Belyl map given a Dessin d’Enfant.
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10. APPENDIX

In this appendix, we give illustrations of all Dessins d’Enfants of degree 5 or less, as well as degree
sequences, and monodromy groups. We give elliptic curves and Belyi for all degree three and four dessins,
and most of the degree five dessins. The Belyi pair for the degree sequence {{3,2},{1,4},5} is not known.
The Belyi pair (E, 8) with E : y* = 23 +52+10, B(z,y) = (3:_53)72@”'16 has degree sequence {{4,1},{4,1},{5}},
however, it is not known which of the two Dessins with this degree sequence this Belyi pair belongs to

FIGURE 9. Degree sequence: {{3},{3},{3}}
Monodromy group: Zs.
Elliptic curve: y? = 23 + 1

Belyi map: B(z,y) = yTH

—@

FIGURE 10. Degree sequence: {{3,1},{4}, {4}}
Monodromy group: Sjy.

Elliptic curve: y? = 2% + 22 4 162 + 180

Belyi map: §(z,y) = L the50
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FIGURE 11. Degree sequence: {{4},{2,2},{4}}

Monodromy group: Zj.

3

Elliptic curve: y? = 23 — z
Belyi map: B(x,y) =1 — 22

FIGURE 12. Degree Sequence: {{3,2},{3,2},{5}}.
Monodromy Group: Ss
Elliptic Curve:E : y? = 2% — 120x + 740

zy+5y+162

Belyl map: B(z,y) = 324

AN,

FIGURE 13. Degree Sequence: {{3,1,1},{5},{5}}.
Monodromy Group: As

Elliptic Curve:y? +y = x
zy75x277y72z+15

Belyl map:

3—1’

27




/D ¢

FIGURE 14. Degree Sequence: {{2,2,1},{5},{5}}.
Monodromy Group: Aj

Elliptic Curve: E:y? + a2y +y =2 + 22+ 222 — 9
Belyi map: B(at,y) _ xy+3z2613z+63

—@

FIGURE 15. Degree Sequence: {{4,1},{4,1},{5}}.
Monodromy Group: AG(5,2)

Elliptic Curve:

Belyi map:

FIGURE 16. Degree Sequence: {{4,1},{4,1},{5}}.
Monodromy Group: Sj
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FIGURE 17. Degree Sequence: {{3,2},{4,1},{5}}.
Monodromy Group: S5

14
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